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5 ABSTRACT 
The second-degree n o n l i n e a r  a e r o e l a s t i c  e q u a t i o n s  of motion f o r  
a  s l e n d e r ,  f l e x i b l e ,  nonuniform, D a r r i e u s  v e r t i c a l - a x i s  wind- tu rb ine  
b l a d e  which i s  undergoing combined f l a t w i s e  bending,  edgewise  bend- 
a3 ing ,  t o r s i o n ,  and e x t e n s i o n  are developed u s i n g  Hami l ton ' s  p r i n c i p l e .  
m 
c\] 
The b l a d e  aerodynamic l o a d i n g  i s  o b t a i n e d  from s t r i p  t h e o r y  based on 
I 
w a  q u a s i - s t e a d y  approx imat ion  of two-dimensional i n c o m p r e s s i b l e  un- 
s t e a d y  a i r f o i l  t h e o r y .  The d e r i v a t i o n  of t h e  e q u a t i o n s  h a s  i t s  
b a s i s  i n  t h e  geomet r ic  n o n l i n e a r  t h e o r y  of e l a s t i c i t y  and t h e  r e s u l t -  
i n g  e q u a t i o n s  a r e  c o n s i s t e n t  w i t h  t h e  small de format ion  approximat ion 
i n  which t h e  e l o n g a t i o n s  and s h e a r s  (and hence s t r a i n s )  a r e  n e g l i g i b l e  
compared t o  u n i t y .  These  e q u a t i o n s  a r e  s u i t a b l e  f o r  s t u d y i n g  v i b r a -  
t i o n s ,  b o t h  s t a t i c  and dynamic a e r o e l a s t i c  i n s t a b i l i t i e s ,  and dynamic 
r e s p o n s e .  S e v e r a l  p o s s i b l e  methods of s o l u t i o n  of t h e  e q u a t i o n s ,  
which have p e r i o d i c  c o e f f i c i e n t s ,  a r e  d i s c u s s e d .  
INTRODUCTION 
Renewed i n t e r e s t  i n  t h e  wind as an  a l t e r n a t i v e  s o u r c e  of energy  
h a s  r e s u l t e d  i n  a  number of s t u d i e s  of v a r i o u s  wind- tu rb ine  c o n c e p t s .  
P r e s e n t l y ,  r e c e i v i n g  c o n s i d e r a b l e  a t t e n t i o n  ( s e e  f o r  example Refs .  1 
and 2 )  i s  t h e  v e r t i c a l - a x i s  wind t u r b i n e  (VAWT), a1s.o known as t h e  
D a r r i e u s  r o t o r  (Ref,  3 ) .  The VAWT r o t o r  (Fig .  1 )  embodies l o n g ,  
s l e n d e r ,  and f l e x i b l e  a i r f o i l - s h a p e d  b l a d e s  which a r e  a t t a c h e d  t o  a 
v e r t i c a l  r o t a t i n g  s h a f t  a t  b o t h  ends .  The curved shape  of each b l a d e '  
i s  approx imate ly  t h a t  of a t r o p o s k i e n ,  i . e . ,  t h e  shape  t a k e n  by a  
f l e x i b l e  c a b l e  of uniform d e n s i t y  and c r o s s  s e c t i o n  when i t  is spun 
a t  a  c o n s t a n t  a n g u l a r  v e l o c i t y .  
The e f f i c i e n t  d e s i g n ,  c o n s t r u c t i o n ,  and o p e r a t i o n  of l a r g e  VAWT 
r o t o r s  r e q u i r e  t h a t  t h e  v i b r a t i n g  l o a d s  and s t r e s s e s  i n  t h e  b l a d e s ,  
as w e l l  as i n  t h e  combined ro to r - tower  sys tem b e  reduced t o  t h e  
l o w e s t  p o s s i b l e  l e v e l s  and t h a t  t h e  sys tem must b e  f r e e  from a l l  
t y p e s  o f  i n s t a b i l i t i e s ,  Thus, a e r o e l a s t i c  and s t r u c t u r a l  dynamic 
c o n s i d e r a t i o n s  have a d i r e c t  b e a r i n g  on t h e  manufacture ,  l i f e ,  and 
o p e r a t i o n  of l a r g e  VAWT systems.  Although t h e  b a s i c  dynamic phenomena 
a s s o c i a t e d  w i t h  VAWT r o t o r s  are b a s i c a l l y  s i m i l a r  t o  t h o s e  of h e l i c o p -  
t e r  r o t o r s ,  p r o p r o t o r s ,  and h o r i z o n t a l - a x i s  wiud t u r b i n e s ,  t h e  s t r u c -  
t u r a l  c o n f i g u r a t i o n s  of VAWT sys tems  a r e  s u f f i c i e n t l y  d i f f e r e n t  t o  
n e c e s s i t a t e  comprehensive and independen t  a n a l y t i c a l  and e x p e r i m e n t a l  
i n v e s t i g a t i o n s  of t h e i r  a e r o e l a s t i c  s t a b i l i t y  and dynamic r e s p o n s e  
c h a r a c t e r i s t i c s .  
Ver t i - c a l - a x i s  r o t o r  sys tems  can e x h i b i t  a  v a r i e t y  of mechanical  
and a e r o e l a s t i c  i n s t a b i l i t i e s  such as resonance ,  ground resonance ,  
w h i r l  f l u t t e r ,  b l a d e  c l a s s i c a l  bend ing- to r s ion  f l u t t e r ,  b l a d e  coupled 
bend ing- to r s ion-ex tens ion  a e r o e l a s t i c  i n s t a b i l i t i e s ,  b l a d e  s t a l l  
f l u t t e r ,  and b l a d e  s t a t i c  d i v e r g e n c e .  Ground resonance  and w h i r l  
f l u t t e r  a r e  a s s o c i a t e d  w i t h  t h e  e n t i r e  VAWT system; t h e  o t h e r  i n s t a -  
b i l i t i e s  a r e  p r i m a r i l y  a s s o c i a t e d  w i t h  t h e  i n d i v i d u a l  b l a d e s  of t h e  
sys tem,  A d e s i g n  requ i rement  f o r  VAWT systems i s  t h a t  each component 
a s  w e l l  a s  t h e  e n t i r e  sys tem b e  f r e e  from a l l  i n s t a b i l i t i e s .  
Exper imenta l  r e s u l t s  o b t a i n e d  w i t h  wind-tunnel models (Refs .  4 
and 5) have i n d i c a t e d  t h a t  t h e  b l a d e  a e r o e l a s t i c  i n s t a b i l i t i e s  invo lv-  
i n g  c o u p l i n g  between f l a t w i s e  bending,  edgewise bending,  and t o r s i o n  
a r e  p o s s i b l e  under c e r t a i n  c o n d i t i o n s .  To e x p l a i n  t h e s e  i n s t a b i l i -  
t ies ,  a n  a n a l y t i c a l  i n v e s t i g a t i o n  was conducted i n  Ref.  6 u s i n g  an  
approximate  modal a n a l y s i s .  Mcre r e c e n t l y ,  bending v i b r a t i o n  equa- 
t i o n s  o f  a  r o t a t i n g  curved s l e n d e r  b l a d e  were d e r i v e d  and s o l v e d  f o r  
s p e c i a l  c a s e s  by u s i n g  a s y m p t o t i c  methods i n  Ref.  7. An a e r o e l a s t i c  
a n a l y s i s  of an  e x i s t i n g  5m VAWT system w i t h  and w i t h o u t  guying w i r e s  
f o r  t h e  tower was conducted i n  Ref. 8. The a n a l y s e s  i n d i c a t e  t h e  
p o s s i b i l i t y  of resonance,  ground resonance ,  and a e r o e l a s t i c - t y p e  
i n s t a b i l i t i e s .  I n  Ref.  9 ,  an a n a l y t i c a l  i n v e s t i g a t i o n  of t h e  a e r o -  
e l a s t i c  s t a b i l i t y  of a  d i f f e r e n t  5m VAWT sys tem was performed u s i n g  
a  f i n i t e  element model. These r e s u l t s  a l s o  show t h e  p o s s i b i l i t y  of 
s e v e r a l  t y p e s  of i n s t a b i l i t i e s ,  depending on t h e  sys tem paramete rs .  
Analyses  based on f i n i t e  e lement  models a r e  w e l l - s u i t e d  t o  
accommodate t h e  s t r u c t u r a l  c o m p l e x i t i e s  of a c t u a l  VAWT systems which 
may have b l a d e s  w i t h  s t r u t s  and towers  w i t h  guying w i r e s .  However, 
t h e  fundamental  unders tand ing  of t h e  b a s i c  mechanisms of a e r o e l a s t i c  
i n s t a b i l i t i e s  and dynamic r e s p o n s e  phenomena and p a r a m e t r i c  s t u d i e s  
a s s o c i a t e d  w i t h  VL4WT systems a r e  b e t t e r  s e r v e d  by a  continuum model 
which l e a d s  t o  a  s e t  of d i f f e r e n t i a l  e q u a t i o n s .  A continuum model 
f o r  a  s i n g l e  b l a d e  can b e  viewed a s  a b u i l d i n g  b l o c k  from which a  
continuum model f o r  a n  e n t i r e  VAWT system can b e  c o n s t r u c t e d .  
The purpose of t h i s  r e p o r t  i s  t o  deve lop  a s e t  of second-degree 
n o n l i n e a r  a e r o e l a s t i c  e q u a t i o n s  of motion of a  D a r r i e u s  wind- turbine  
b l a d e  i n v o l v i n g  f l a t w i s e  bending,  edgewise bending,  t o r s i o n ,  and ex- 
t e n s i o n .  The n o n l i n e a r  terms which w i l l  b e  r e t a i n e d  i n  t h e  p r e s e n t  
d e r i v a t i o n  a r e  of t h e  t y p e  which have been found t o  b e  impor tan t  i n  
a e r o e l a s t i c  s t a b i l i t y  of h e l i c o p t e r  r o t o r  b l a d e s .  
The d e r i v a t i o n  of t h e  n o n l i n e a r  e q u a t i o n s  o f  motion h e r e i n  f o l -  
lows t h e  methodology of Refs .  10-12. The e q u a t i o n s  are d e r i v e d  u s i n g  
t h e  geomet r ic  n o n l i n e a r  t h e o r y  of e l a s t i c i t y  (Ref.  1 3 )  i n  which t h e  
e l o n g a t i o n s  and s h e a r s  (and hence s t r a i n s )  a r e  n e g l i g i b l e  compared 
t o  u n i t y .  ,The  g e n e r a l i z e d  aerodynamic f o r c e s  are o b t a i n e d  from s t r i p  
t h e o r y  based on a  quas i - s t eady  approximat ion of two-dimensional incom- 
p r e s s i b l e ,  unsteady a i r f o i l  t h e o r y .  The e q u a t i o n s  o f  motion which are 
c o n s i s t e n t  w i t h  t h e s e  approx imat ions  may be  d e r i v e d  t o  any d e s i r e d  
d e g r e e  by r e t a i n i n g  t e rms  i n  t h e  dependent  v a r i a b l e s  t o  t h e  a p p r o p r i -  
a t e  d e g r e e  th roughout  t h e  development.  The p r e s e n t  development w i l l  
b e  d i r e c t e d  t o  t h e  d e r i v a t i o n  of t h e  second-degree n o n l i n e a r  e q u a t i o n s  
of motion i n  which one f o r m a l l y  r e t a i n s  terms through second-degree i n  
t h e  dependent  v a r i a b l e s .  Rigorous  adherence  t o  t h i s  r e t e n t i o n  scheme 
l e a d s  t o  an a lmos t  insurmountab le  amount of a l g e b r a .  To c i rcumvent  
t h i s  problem t o  some e x t e n t ,  a n  o r d e r i n g  scheme which i s  c o n s i s t e n t  
w i t h  t h e  assumption of a s l e n d e r  beam is  imposed e a r l y  i n  t h e  develop- 
ment of t h e  dynamic and e l a s t i c  p o r t i o n s  of t h e  p r e s e n t  e q u a t i o n s .  No 
o r d e r i n g  scheme is  imposed i n  t h e  development of t h e  g e n e r a l i z e d  aero-  
dynamic f o r c e s  h e r e i n  because  any o r d e r i n g  scheme which i s  imposed 
would depend on t h e  o r d e r  a s s i g n e d  t o  t h e  nondimensional  f r e e - s t r e a m  
v e l o c i t y  and induced v e l o c i t y  b o t h  of which v a r y  s i g n i f i c a n t l y  i n  
p r a c t i c e .  Thus,  t o  accommodate such  g e n e r a l  o p e r a t i n g  c o n d i t i o n s  w i t h  
t h e  p r e s e n t  e q u a t i o n s ,  t h e  aerodynamic f o r c e s  are l e f t  i n  g e n e r a l  
second-degree form. The aerodynamic f o r c e s  a c t i n g  on a  b l a d e  e lement  
a r e  f u n c t i o n s  of t h e  b l a d e  azimuth a n g l e  and hence t h e  f i n a l  e q u a t i o n s  
w i l l  c o n t a i n  p e r i o d i c  terms.  For comple teness ,  t h e  g r a v i t a t i o n a l  
f o r c e s  a r e  a l s o  inc luded  i n  t h e  p r e s e n t  development.  
The e q u a t i o n s  developed h e r e i n  a r e  s u i t a b l e  f o r  s t u d y i n g  ae ro-  
e l a s t i c  i n s t a b i l i t i e s ,  a e r o e l a s t i c  r e s p o n s e ,  and v i b r a t i o n  c h a r a c t e r -  
i s t i c s  of f l e x i b l e ,  curved,  and r o t a t i n g  b l a d e s .  These  e q u a t i o n s  
form a  b u i l d i n g  b l o c k  from which a continuum model of a n  e n t i r e  
Dar r ieus - type  VAWT system can be c o n s t r u c t e d .  As t h e s e  e q u a t i o n s  do 
n o t  have c l o s e d  form s o l u t i o n s ,  s e v e r a l  p o s s i b l e  approximate  methods 
of s o l u t i o n  a r e  d i s c u s s e d .  
SYMBOLS 
a i r f o i l  l i f t - c u r v e - s l o p e  
q u a n t i t i e s  d e f i n e d  i n  Eq. (A5)  
c r o s s - s e c t i o n a l  a r e a  of b l a d e  
A~ p ro j ec t ed  a r e a  of r o t o r  i n  v e r t i c a l  p lane  
AU9 P b p  % genera l ized  aerodynamic f o r c e s  per  u n i t  l eng th  - - - 
in eyB3* e ~ B 3  d i r e c t i o n s ,  r e s p e c t i v e l y  
genera l ized  aerodynamic moment per u n i t  l eng th  
about e l a s t i c  a x i s  
b  number of b lades  
BV, B T 9  BG, BA boundary terms a r i s i n g  from s t r a i n  energy, 
k i n e t i c  energy, work done by g r a v i t a t i o n a l  
f o r c e s ,  and work done by aerodynamic f o r c e s ,  
r e s p e c t i v e l y  
Bi ( i  = 1, 2 ,  3 ,  4 )  s e c t i o n a l  cons t an t s  
blade chord 
a i r f o i l  p r o f i l e  drag  c o e f f i c i e n t  
Theodorsen' s c i r c u l a t i o n  func t ion  
D a i r f o i l  drag per  u n i t  l eng th  
chordwise o f f s e t  of mass cen t ro id  from e l a s t i c  
a x i s  ( p o s i t i v e  when i n  f r o n t  of e l a s t i c  a x i s )  
chordwise o f f s e t  of a r e a  cen t ro id  of c r o s s  
s e c t i o n  from e l a s t i c  a x i s  ( p o s i t i v e  when i n  
f r o n t  of e l a s t i c  a x i s )  
E Young's modulus 
- - - 
e ~ B 2 9  e ~ B 2  u n i t  vec to r s  a long XB2P Y B 2 )  ZB2 axes  
- - 
eYB39 e Z B 3  u n i t  v e c t o r s  a long  XB3, YB39 ZB3  axes  
u n i t  v e c t o r s  a long  XI, Y I ,  Z I  axes 
- - - 
e  XRy e ~ R 9  e ~ R  u n i t  v e c t o r s  a long  xR, yR, zR axes  
- 
F~ aerodynamic f o r c e  vec tor  
- 
components of aerodynamic f o r c e  v e c t o r  FA i n  
- - 
t h e  d i r e c t i o n s  of - 
e X ~ 3 '  e Y ~ 3  9 eZB3y r e s p e c t i v e l y  
- 
components of aerodynamic f o r c e  v e c t o r  FA i n  
- - 
& A  
t h e  d i r e c t i o n s  of eXB6, eyB6, ezB6' 
r e s p e c t i v e l y  
g r a v i t a t i o n a l  a c c e l e r a t i o n  vec tor  
shear  modulus 
g r a v i t a t i o n a l  f o r c e s  per  u n i t  l eng th  i n  u, v ,  w 
d i r e c t i o n s ,  r e s p e c t i v e l y  
genera l ized  g r a v i t a t i o n a l  moment per  u n i t  l eng th  
about e l a s  t i c  a x i s  
he igh t  of wind t u r b i n e  
v e r t i c a l  v e l o c i t y  of two-dimensional s e c t i o n  
normal t o  free-stream 
genera l ized  i n e r t i a  f o r c e s  per  u n i t  l eng th  i n  
- - - 
eYB3y e ~ B 3  d i r e c t i o n s ,  r e s p e c t i v e l y  
a r e a  moments of i n e r t i a  about Y 3  and X3 
axes ,  r e s p e c t i v e l y  
genera l ized  i n e r t i a  moment per  u n i t  l eng th  
about e l a s t i c  a x i s  
t o r s i o n a l  s e c t i o n  cons t an t  
reduced frequency 
po la r  r a d i u s  of gy ra t ion  of c ros s - sec t iona l  a r e a  
about e l a s t i c  a x i s  
n o t a t i o n  used i n  w r i t i n g  t h e  v a r i a t i o n  of t h e  
k i n e t i c  energy 
po la r  r a d i u s  of gy ra t ion  of c ros s - sec t iona l  mass 
about e l a s t i c  a x i s  ( k i  = k i l  + k&) 
mass r a d i i  of gy ra t ion  about Y 3  and X3 axes ,  
r e s p e c t i v e l y  
components of cu rva tu re  of e l a s t i c  a x i s  be fo re  
deformation 
components of curva ture  of e l a s t i c  a x i s  a f t e r  
deformation 
d i r e c t i o n  cos ines ,  Eq.  (Al) 
aerodynamic l i f t  per  u n i t  l eng th  
mass of t h e  b lade  per  u n i t  l ength  
aerodynamic moment about t h e  deformed e l a s t i c  
a x i s  per  u n i t  l ength  
a r b i t r a r y  po in t  on t h e  e l a s t i c  a x i s  be fo re  
deformation; a l s o  o r i g i n  of t h e  blade-f ixed 
a x i s  system be fo re  deformation 
a r b i t r a r y  poin t  on t h e  e l a s t i c  a x i s  a f t e r  
deformation 
p o s i t i o n  v e c t o r s  of a  po in t  i n  t h e  c r o s s  s e c t i o n  
of t h e  b l ade  be fo re  and a f t e r  deformation, 
r e s p e c t i v e l y  
pos i t i on  v e c t o r s  of an  a r b i t r a r y  po in t  on t h e  
e l a s t i c  a x i s  be fo re  and a f t e r  deformation, 
r e s p e c t i v e l y  
running coord ina t e s  along t h e  e l a s t i c  a x i s  
before  and a f t e r  deformation,  r e s p e c t i v e l y  
no ta t ion  used i n  w r i t i n g  t h e  v a r i a t i o n  of s t r a i n  
energy i n  a  concise  form 
l eng th  of b lade  along undeformed e l a s t i c  a x i s  
genera l ized  e l a s t i c  f o r c e s  
t ime 
k i n e t i c  energy; b lade  tension;  r o t o r  t h r u s t  
deformations of e l a s t i c  a x i s  i n  XB3, y ~ 3 ,  and 
ZB3 d i r e c t i o n s ,  r e s p e c t i v e l y  
r e s u l t a n t  of UT and Up 
r a d i a l ,  t a n g e n t i a l ,  and perpendicular  conponents 
of t h e  r e s u l t a n t  v e l o c i t y  of a  po in t  on the  
e l a s t i c  a x i s  
induced v e l o c i t y ,  p o s i t i v e  i n  t h e  nega t ive  XI 
d i r e c t  ion  
s t r a i n  energy 
f ree-s t ream v e l o c i t y  
wind v e l o c i t y  vec to r  
r e l a t i v e  v e l o c i t y  of a  po in t  on t h e  e l a s t i c  a x i s  
expressed i n  XB3YB3ZB3 and XB6YB6ZB6 coordi-  
n a t e  systems, r e s p e c t i v e l y  
sumof  WA and WG 
work done by aerodynamic f o r c e s  
work done by g r a v i t a t i o n a l  f o r c e s  
coord ina tes  of a  p o i n t  on t h e  undeformed e l a s t i c  
a x i s  a long  XI- and ZI-axes, r e s p e c t i v e l y  
coo rd ina t e s  i n  X3Y3Z3 coord ina te  system, t h e  x3 
and y3 axes a r e  t h e  minor and major p r i n c i p a l  
axes of t h e  c r o s s  s e c t i o n  
i n e r t i a l  a x i s  system 
blade  a x i s  system, p a r a l l e l  t o  XRYRZR coo rd ina t e  
system 
b lade  a x i s  system obtained by r o t a t i n g  XBIYBIZBl 
system about t h e  nega t ive  YB1-axis by an angle  go 
b l ade  a x i s  system obtained by r o t a t i n g  XB2YB2ZB2 
system about t h e  ZBZ-axis by an ang le  y 
b lade  a x i s  system i n  t h e  deformed conf igu ra t ion  
obtained by t r a n s l a t i n g  and r o t a t i n g  t h e  XB3YBaZB3 
system; t h e  ZB6-axis i s  tangent  t o  t h e  deforme 
e l a s t i c  a x i s  
b l ade  a x i s  system obtained by r o t a t i n g  t h e  XIYIZI 
system about t h e  ZI-axis by an ang le  $(= Rt) 
t ransformat ion  mat r ix  r e l a t , i n g  t h e  angular  o r i e n t a -  
t i o n  of t h e  deformed and undeformed blade-f ixed 
coord ina t e  systems 
Green's s t r a i n  t enso r  
a i r f o i l  s e c t i o n  ang le  of a t t a c k  
q u a n t i t i e s  def ined  i n  Appendix A 
Euler ian-type r o t a t i o n  angles  
s e c t i o n  t o t a l  p i t c h  angle  (bu i l t - i n  t w i s t  p lu s  
p i t c h  ang le  due t o  c o n t r o l  i npu t s )  
engineering s t r a i n  components 
v a r i a t i o n  of ( ) 
v i r t u a l  r o t a t i o n  about t h e  ZB6-axis 
smal l  parameter of t h e  order  of t h e  bending 
s lopes ;  a i r f o i l  s e c t i o n  p i t c h  angle  w i t h  
r e s p e c t  t o  free-stream v e l o c i t y ;  a l s o  
ex t ens iona l  component of Green's s t r a i n  
t e n s o r  along t h e  e l a s t i c  a x i s  
s t r a i n  components 
angle  between blade l o c a l  tangent  and v e r t i c a l  
a x i s ,  i l l u s t r a t e d  i n  Fig. 1 
nondimensional f ree-stream v e l o c i t y ,  V,/RR 
nondinensional  induced v e l o c i t y ,  v i / ~ R  
mass dens i ty  of t h e  b lade ;  a l s d  mass dens i ty  
of a i r  
engineering s t r e s s e s  
angle of t w i s t i n g  deformation about t he  e l a s t i c  
a x i s  
blade azimuth angle  
curva ture  vec to r  of t h e  undeformed e l a s t i c  a x i s  
curva ture  v e c t o r  of t h e  deformed e l a s t i c  a x i s  
r o t a t i o n a l  speed of r o t o r  
c i r c u l a t o r y  aerodynamic term 
nonc i r cu la to ry  aerodynamic term 
a 
t ime d e r i v a t i v e  - ( ) a t  
denotes  d i f f e r e n t i a t i o n  wi th  r e spec t  t o  s 
MATHEMATICAL MODEL AND ATTENDANT ORDERING SCHEME 
The mathematical model chosen i n  t h e  p r e s e n t  development i s  a 
continuum model. The presence of r o t a t i o n  in t roduces  equ i l i b r ium 
c e n t r i f u g a l  s t r e s s e s  which r e q u i r e  t h e  use of a  geometric non l inea r  
theory  of e l a s t i c i t y .  There a r e  s e v e r a l  l e v e l s  of approximation 
which may be considered i n  t h i s  theory  (Refs. 10  and 13 ) .  The l e v e l  
of approximation used i n  t h e  p re sen t  development assumes t h a t  t h e  
e longat ions  and shea r s  (and hence s t r a i n s )  a r e  n e g l i g i b l e  compared 
t o  un i ty .  
The wind- t u r b i n e  b lade  considered i n  t h e  p re sen t  development 
c o n s i s t s  of a  s l ende r ,  curved, nonuniform blade  which can undergo 
combined f l a t w i s e  bending, edgewise bending, t o r s i o n ,  and ex tens ion  
( a x i a l  deformation) .  The e l a s t i c  a x i s ,  mass a x i s ,  and t ens ion  a x i s  
a r e  taken t o  b e  noncoincident .  The e l a s t i c  a x i s  i s  assumed t o  be  
co inc ident  wi th  t h e  quarter-chord of t h e  blade.  The genera l ized  
aerodynamic f o r c e s  a r e  obta ined  from s t r i p  theory based on a  quasi-  
s t eady  approximation of two-dimensional, incompressible  and unsteady 
a i r f o i l  theory.  G r a v i t a t i o n a l  f o r c e s  a r e  included.  
Blades p r e s e n t l y  being considered f o r  VAWT a p p l i c a t i o n s  have 
n e i t h e r  p r e t w i s t  ( b u i l t - i n  t w i s t )  nor  c o n t r o l  i n p u t s  f o r  changing 
s e c t i o n  p i t c h  a n g l e  a s  do t h e  b l ades  f o r  a  ho r i zon ta l - ax i s  wind 
t u r b i n e .  However, f o r  completeness,  a  v a r i a b l e  s e c t i o n  p i t c h  ang le  
i s  included i n  de r iv ing  t h e  second-degree express ions  f o r  t h e  bending 
cu rva tu re s  and t w i s t  r a t e  and f o r  t h e  s t r a i n s .  
An o rde r ing  scheme c o n s i s t e n t  w i th  t h e  assumption of a  s l ende r  
beam i s  introduced he re  t o  provide  a  sys t ema t i c  procedure f o r  d i s -  
card ing  higher-order  terms wh i l e  d e r i v i n g  t h e  second-degree non l inea r  
a e r o e l a s t i c  equat ions .  A mathematical o rde r ing  scheme was introduced 
i n  Ref. 11 f o r  de r iv ing  t h e  non l inea r  equat ions  f o r  a  s l ende r  h e l i -  
cop te r  r o t o r  b lade .  Cons idera t ions  s i m i l a r  t o  those i n  Ref. 11 have 
been appl ied  i n  t h e  p re sen t  r e p o r t  t o  e s t a b l i s h  an o rde r ing  scheme 
which is  c o n s i s t e n t  wi th  t h e  s l e n d e r  curved b l ades  of a  VAWT r o t o r .  
I n  t h i s  scheme, a  parameter E which i s  taken t o  be of t h e  same o rde r  
a s  t h e  nondimensional v a r i a b l e s  u/S, v/S,  w/S, and i s  introduced.  
The o rde r  of t h e  dependent v a r i a b l e s  and geometr ic  q u a n t i t i e s  appearing 
i n  t h e  equat ions  of motion of t h i s  r e p o r t  a r e  a s  fol lows:  
By us ing  t h e  o rde r ing  ass igned  above, t h e  o r d e r  of t h e  e l a s t i c  
and i n e r t i a l  terms which a r e  r e t a i n e d  i n  t h e  second-degree non l inea r  
a e r o e l a s t i c  equat ions  of motion of t h e  curved b lade  considered h e r e i n  
a r e  given i n  Table 1. The r a t i o n a l e  f o r  t h i s  scheme was d iscussed  i n  
Ref.  11. It should be  noted t h a t  i n  t h e  p re sen t  development t h e  ex- 
t e n s i o n a l  deformation (w/S) is O(E) i n s t e a d  of o ( E ~ )  a s  i n  Ref. 11 
because of t h e  presence of t h e  i n i t i a l  bending curva ture .  
Table 1 - Ordering scheme 
Freedom E l a s t i c  f o r c e s  I n e r t i a l  f o r c e s  
Extension o(E3> 0  (E 3> 
Bending 0  k 4 )  0  (E2> 
Tors ion 0  (E5> o(E3> 
COORDINATE SYSTEMS AND MOTION VARIABLES 
Seve ra l  or thogonal  coord ina te  systems w i l l  be  employed i n  t h e  
d e r i v a t i o n  of t h e  equat ions of motion. Those which a r e  common t o  
both t h e  dynamic and aerodynamic a s p e c t s  a r e  descr ibed  i n  t h i s  
s e c t i o n .  
1. I n e r t i a l  system (I-system) XIYIZI- The 21-axis of t h i s  
system, a s  is  shown i n  F ig .  1, coinc ides  with t h e  v e r t i c a l  a x i s  of 
t h e  s h a f t .  The XI-axis is  a l igned  wi th  the  free-stream v e l o c i t y  V,. 
2 .  Rota t ing  system (R-system) XRYRZR - This  system is obtained 
by r o t a t i n g  t h e  I-system about t h e  ZI-axis by an angle $ = Qt,  a s  
i s  shown i n  Fig.  1. The s h a f t  r o t a t i o n a l  speed i s  given by Q and 
i s  assumed cons tan t .  The coord ina te  t ransformation between t h e  1- 
and R-systems is  
- s i n  9 0 i gxR) 
cos  qJ 
I 
0 0 
3. Blade system 1 (Bl-system) XBIYBIZB1- This  l o c a l  blade- 
f i xed  coord ina t e  system, as shown i n  Fig. 1, i s  f ixed  t o  an a r b i t r a r y  
p o i n t ,  P ,  on t h e  e l a s t i c  a x i s  of t h e  b lade .  This  frame t r a n s l a t e s  
along t h e  b lade  e l a s t i c  a x i s  and i t  is  p a r a l l e l  t o  R-system. 
4 .  Blade system 2 (B2-system) X B ~ Y B ~ Z B ~  - This  system i s  ob- 
t a ined  by r o t a t i n g  t h e  B1-system about  t h e  nega t ive  YB1-axis by an 
ang le  8,, a s  shown i n  Fig.  1. The XBZ9 Y B 2 ,  and ZB2 axes a r e  
i n  t he  normal, binormal and t a n g e n t i a l  d i r e c t i o n s ,  r e spec t ive ly .  The 
r o t a t i o n  ang le  8, can be obtained from t h e  known geometry of t h e  
curved undeformed e l a s t i c  a x i s  i n  t h e  XIZI p lane by t h e  paramet r ic  
equat ion  
and i s  
The coord ina t e  t ransformat ion  between t h e  B1-  and B2-systems i s  
- 
cos 8, 0 
- , 1 0 
0 (5  
5. Blade p r i n c i p a l  a x i s  system (B3-system) XB3, YB3) ZB3 - The 
X~ 3  and YB3 axes  a r e  taken t o  be a l igned  wi th  t h e  minor and major 
p r i n c i p a l  axes of t h e  blade c ros s  s e c t i o n ,  r e s p e c t i v e l y .  The pr in-  
c i p a l  axes a r e  obtained by r o t a t i n g  t h e  normal and binormal axes by 
an angle  y a s  i nd ica t ed  i n  Fig. 2. The a n g l e  y i s  t h e  t o t a l  
s e c t i o n  p i t c h  angle ,  which i s  a  combination of b u i l t - i n  t w i s t  (pre- 
t w i s t )  and s e c t i o n  p i t c h  changes due t o  c o n t r o l  i npu t s .  The VAWT 
conf igu ra t ions  p r e s e n t l y  considered i n  t h e  l i t e r a t u r e  do n o t  have any 
s e c t i o n  p i t c h  angle ,  bu t  i t  is  included i n  developing t h e  express ions  
f o r  t h e  curva tures  and s t r a i n s  i n  o rde r  t o  i n d i c a t e  how one would 
inc lude  t h i s  e f f e c t  i n  t he  a n a l y s i s .  The coord ina te  t ransformat ion  
between the  B2- and B3-systems i s  
I 
("B2 1 I cos y - s i n  y o I I- ] ( e X ~ 3  ( y = s i n  y 
i ! 
c o s  y 
The c u r v a t u r e  v e c t o r  o f  t h e  undeformed b l a d e  is  
T h i s  v e c t o r  is a l s o  c a l l e d  t h e  Darboux v e c t o r  i n  t h e  l i t e r a t u r e .  
S u b s t i t u t i n g  FyB2 i n t o  Eq.  (7) from Eq. ( 6 ) ,  t h e  c u r v a t u r e  v e c t o r  




k x ~  3 - e0 s i n  y 
6. Blade System 6 (B6-system) XB6YB6ZB6 - T h i s  sys tem i s  sho~~rn 
i n  F ig .  3 and is  o b t a i n e d  by t r a n s l a t i n g  and r o t a t i n g  t h e  XB3YB3ZB3 
system. The ZB6-axis i s  t a n g e n t  t o  t h e  deformed e l a s t i c  a x i s .  The 
b l a d e  c r o s s  s e c t i o n  i t s e l f  i s  assumed r i g i d .  The deformat ions  of t h e  
e l a s t i c  a x i s  a r e  denoted by u,  v ,  w i n  t h e  B3-system. The a n g u l a r  
o r i e n t a t i o n  of t h e  B6-system w i t h  r e s p e c t  t o  t h e  B3-system is  g iven  
by t h r e e  Eu le r ian- type  a n g l e s  B ,  <, and 8, which a r e ,  i n  t u r n ,  ex- 
p r e s s e d  i n  terms of t h e  e l a s t i c  de format ions  (u ,  v ,  w) and t h e i r  
d e r i v a t i v e s  ( u ' ,  v ' ,  w'), and t h e  t w i s t i n g  deformat ion  ( 4 ) .  The 
f i n a l  r e l a t i o n  between t h e  B3- and B6-systems i s  developed i n  




The governing e q u a t i o n s  of motion a r e  d e r i v e d  u s i n g  t h e  extended 
Hamil t o n ' s  p r i n c i p l e  (Ref. 1 4 ) .  
where 
I n  Eq. ( 1 2 ) ,  T  i s  t h e  k i n e t i c  energy ,  V is  t h e  s t r a i n  energy ,  and W 
i s  t h e  work done by g r a v i t a t i o n a l  and aerodynamic f o r c e s .  For subse- 
quen t  convenience,  t h e  v a r i a t i o n  of work i s  d i v i d e d  i n t o  two p a r t s  a s  
i n d i c a t e d  i n  Eq. (13) :  t h e  f i r s t  p a r t ,  ~ W G ,  i s  due t o  g r a v i t a t i o n a l  
f o r c e s ;  and t h e  second p a r t ,  ~ W A ,  is  due t o  aerodynamic l o a d i n g .  I n  
t h e  f o l l o w i n g  s e c t i o n s ,  e x p l i c i t  e x p r e s s i o n s  f o r  T ,  V ,  and W i n  
terms of t h e  dependent  v a r i a b l e s  u,  v ,  w, and and t h e i r  d e r i v a -  
t i v e s  and t h e  b l a d e  s e c t i o n a l  p r o p e r t i e s  w i l l  b e  developed. 
S t r a i n  Energy 
The e x p r e s s i o n  f o r  t h e  s t r a i n  energy of t h e  b l a d e  i n  t e rms  of 
e n g i n e e r i n g  s t r a i n s  and s t r e s s e s  i s  
* The c o o r d i n a t e s  s and 23 a r e  used i n t e r c h a n g e a b l y .  
where, assuming t h a t  t h e  components of t h e  e n g i n e e r i n g  s t r a i n s  a r e  
e q u a l  t o  t h e  cor responding  components of t h e  Lagrangian s t r a i n  and 
u s  i n g  Hoo k e  ' s law, 
Taking t h e  f i r s t  v a r i a t i o n  of V as g i v e n  i n  Eq. (14) ,  and 
u s i n g  Eq. ( 1 5 ) ,  y i e l d s  
The e x p r e s s i o n s  f o r  t h e  r e q u i r e d  s t r a i n  components a r e  developed 
i n  Appendix B .  For a s l e n d e r  curved b l a d e  w i t h  z e r o  s e c t i o n  p i t c h  
a n g l e  t h e s e  e x p r e s s i o n s  a r e  g iven  by Eqs. (BlS),  (B16), and (B17). 
S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  i n t o  Eq. ( 1 6 ) ,  t a k i n g  t h e  i n d i c a t e d  
v a r i a t i o n s ,  and i n t e g r a t i n g  over  t h e  c r o s s  s e c t i o n  of t h e  b l a d e  l e a d s  
t o  
/ I  S 
where, c o n s i s t e n t  w i t h  t h e  o r d e r i n g  scheme d i s c u s s e d  e a r l i e r ,  
s2 = T ( U '  - e ; ~ )  
- 
I 
- s3 - - 8; [ E E I ~ ~ ~ ~  - ~ E B ~ ( v "  + $ 0 ~ 4  
- -  ?. 
Y3Y3 
8A ( v f 2  + r n 2 )  + $ v q  + E I  [u" - 8;w' - 8:w - -
2 
c.--,"-- - d 
+ T$eA - E $ I  (v" + $8;) + GJV' ( $ '  - 8 : ~ ' )  
X3X3 
s7  = T - EI 8 A ( u "  - 8;w - 8Aw1) 
y 3 y 3  
- S8 - - "(v" + B ; + ) [ E I ~ ~ ~  E - E B ~ ( V I I  + $ e f , l  
3 0 - 
2 
+ EI, (v" + 8 A $ ) ( u "  - 0:w - 0 ; ~ ' )  + EB3(vU + 8;$) 8; 3 y 3  
- 
+ E ( u "  - 8;w1 - B ~ w ) L A E ~ ~ -  1 ( V 1 ' + $ 8 : )  X3X3 
- ~ , B ~ ( u "  - 8 - 8;wfl- E8; {AeA€ - B ~ [ ~ A ( u "  - 8bw - 8;w1) 
The expression f o r  the  ex t ens iona l  s t r a i n  E on t h e  e l a s t i c  
a x i s  f o r  t h e  case  i n  which t h e  s e c t i o n  p i t c h  ang le  i s  zero is  given 
b Y 
Assuming t h a t  t h e  c r o s s  s ec t ion  i s  symmetric about  t h e  YBq-axis, t h e  
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Kine t i c  Energy 
The p o s i t i o n  vec to r  of an a r b i t r a r y  mass poin t  of t he  b l ade  is  
- 
Using Eqs. ( 5 ) ,  ( l o ) ,  and (A16)  i n  Eq. (24) ,  t h e  expression f o r  rl 
wi th  r e s p e c t  t o  t h e  B3-system i s  
where 
( 2 Xq = xo cos  0, + 2, 4 s i n  oo  + u + x3 1 - -7) - y3(+ + 
- Z3 - - xo s i n  0, + zo cos 6, + w - x3(a ,+  (ay) + y3(max - ay) 
(26) 
The angular  v e l o c i t y  of t h e  B3-system can be w r i t t e n  a s  
- 
S u b s t i t u t i n g  f o r  e  from Eqs. (5) and (6) , y i e l d s  
z ~ l  
- - - 
u = 2 s i n  0, cos  yeX - s i n  0, s i n  yey + cos 0, 
B 3 B 3  
- ) (28) 
e Z ~ 3  
The s e c t i o n  p i t c h  ang le  y i s  s e t  t o  zero i n  t h e  subsequent develop- 
ment. For t h i s  s p e c i a l  case  Eq. (28 )  s i m p l i f i e s  t o  
- - - 
w = r l  s i n  € e  + R cos  0  e  
" x ~ 3  O ' ~ 3  
- 
The expres s ion  f o r  t h e  k i n e t i c  energy of t h e  b lade  i n  terms of 
r1 and L i s  given by 
where 
The v a r i a t i o n  of T, i n t e g r a t e d  between to and tl ,  is  given by 
. .  - - - 
S u b s t i t u t i n g  Eqs. (25) and (29) i n t o  Eq. (31) and t h e  r e s u l t  i n t o  
Eq .  (32) ,  i n t e g r a t i n g  by p a r t s  over  t ime where necessary ,  and then 
i n t e g r a t i n g  over t h e  c r o s s  s e c t i o n ,  t h e  v a r i a t i o n  of T can be put  
i n t o  t h e  form 
where, c o n s i s t e n t  w i th  t h e  o rde r ing  scheme introduced e a r l i e r ,  
2  2  
kl - - m(G - e i )  + 2mf2; cos O o  + mQ cos  Oo(xo cos e0  + u  - e$) 
2 
- mn s i n  B0 cos  0,(-xo s i n  0, + w - e v l )  
2  2  k2 = - mv'exon2 cos Bo + m k l Q  s i n  B, cos B o  - mi2 e@xo s i n  0, 
. . 2  k3 = - mv + 2mQ s i n  0 ( e l )  - 2mQ cos  0 ( - )  + m n  (v + e )  
0 0 
2 2  k4 = - me(ul - Bbw)il xo cos  B o  + me(w + 2 ; ~  s i n  8,) + m a  exo s i n  0, 
2  
- mi?2ecu s i n 2  €lo + mi2 eu s i n  8, cos 8, 
(cont  'd)  
2 2 k 5  = m 
- e b w ) ~  coS2 e0 + v ' O A  (E; + 2e;Q cos  e0 
2 2 + en cos2  0 (xO cos o0 + U) - ei2 s i n  €lo co s  0,(-xo s i n  8, i w)-; 
0 
. . . . 
- w - em(u' - 0;w) - 2ek(G1 - 0;) + e;' - ep(;' - 0;) 
2 2 
- 2n s i n  (; - em4 - ev lG ' )  + n s i n  eo /-xo s i n  e + w 0 0 
2 -- + e m ( ~ '  - o ~ w )  - e u q  - Q s i n  or, co s  0, / xo cos  8, + u 
- 
2 2 2 2 
- 2 s i n  0; h l ( u l  - BAY) - n s i n  e0 cos  eo k, 
1 I 
. . 2 
- $0; 1 - ew - 2ne; s i n  0 + $2 s i n 2  0, e(-xo s i n  eo + w) 
0 
2 -  
- 0 s i n  e0  c o s e o e ( y o  cos  Q + u i ] )  
2" 2 2 2 k6 = meu - mkm$ - 2mnev cos  eo - mC2 exo cos  8, - mQ eu  cos  0, 
2 2 2 ! 2 c0s2 + mGew cos  Q0 s i n  eo + m b2 - bl,j(Q 
3 2 
- -el-x, (u '  - ebw) s i n  eo -- Zink Q(;' - 0:;) s i n  O 0  
ml 
7 . . 
- me;-mv + 2menbh cos  8, + memv - 2menirm s i n  eo 
2 
- me;(ul - B ~ w )  - 2me& s i n  e o ( u l  - BAw) - men u s i n  0, cos  B0(ur 
2 2 
( 3 4 )  81 - B'w) + meQ w s i n  Bo(ul - 0;w) 
The s e c t i o n a l  p r o p e r t i e s  appear ing  i n  Eq.  (34) a r e  def ined  a s  fo l lows:  
I n t e g r a t i n g  Eq.  (33) by p a r t s ,  t h e  r e s u l t i n g  express ion  can be  pu t  i n  
t h e  form 
6T = (IU6u + Iv6v + Iw6w + I G$)dz3 + BT $ (36) 
where 
and t h e  boundary term BT is  given by 
V i r t u a l  Work of Gravi ty  Forces 
The v i r t u a l  work due t o  g r a v i t y  can be  expressed i n  t h e  form 
: ' r  
where g  is  the  g r a v i t a t i o n a l  a c c e l e r a t i m  vector  and is given by 




The vector  g  can be expressed with resgeot  t o  the B3-system by 
s u b s t i t u t i n g  f o r  XZ from Eqs. (5) and (6). For t h e  s p e c i a l  case 
of zero sec t ion  pitcfi  angle considered i n  t h e  present  development, 
the  vector  2 i n  t h e  B3-system s i m p l i f i e s  t o  
- 
Taking t h e  v a r i a t i o n  of 
rl which i s  given i n  Eqs. (25) and (26), 
s u b s t i t u t i n g  t h e  r e s u l t a n t  expressioo together  with 8q.  (41) i n t o  
Eq. ( 3 9 ) ,  i n t e g r a t i n g  over the  c ross  sec t ion ,  and in teg ra t ing  t h e  
r e s u l t  by p a r t s ,  Eq. (3.9) y i e l d s  
where 
r 
GU = - mg s i n  0, + (- @gev' s i n  0, + mge$ cos 8,) 
t 
- 
Gv = [- mge(ul - ebw) s i n  eb - mpe cos e o j  
Gw = - mgevr0; s i n  O0 - mg cos O0 + mgeO;$ cos 0, 
C = mge s i n  0, - mge c 0 s 8 ~ ( u '  - OAw) 4 
and the  boundary term BG i s  given by 
I 
B~ = / (mgev' s i n  O O  - mge( eos O0) Su + [plgelu' ->B$,w) q in  Bo 
V i r t u a l  Work of Aerodynamic Forces 
The v i r t u a l  work of t h e  aerodynamic f o r c e s  can be w r i t t e n  a s  
where El is  t h e  v i r t u a l  displacement - of t he  p o s i t i o n  vec to r  of an 
a r b i t r a r y  po in t  on t h e  e l a s t i c  a x i s ,  FA is  t h e  aerodynamic f o r c e  
vec to r ,  d B z B 6  i s  t h e  v i r tua l - ro t a t ion  about t h e  ZB6-axis. Usual ly 
t he  aerodynamic f o r c e  vec to r  FA i s  c a l c u l a t e d  i n  t he  B-6 b lade  
- 
a x i s  system. S ince  t h e  p o s i t i o n  v e c t o r  rl given by Eq. (25) i s  
expressed wi th  r e s p e c t  t o  t h e  B3-system, t h e  f o r c e  v e c t o r  FA i s  
transformed t o  t h e  B3-system us ing  t h e  fol lowing r e l a t i o n  
The aerodynamic f o r c e  i n  t h e  ZB6 . d i r e c t i o n  is  F Z B ~  and i s  a pro- 
f i l e  d rag  fo rce .  Following usua l  p r a c t i c e ,  t h i s  f o r c e  component is  
assumed t o  be unimportant and i s  taken t o  b e  zero. S u b s t i t u t i n g  
Eq. (A39) i n t o  Eq. (46) and d i s c a r d i n g  terms which w i l l  l ead  t o  terms 
h igher  than  second-degree i n  t h e  f i n a l  equat ions ,  one ob ta ins  
Taking t h e  v a r i a t i o n  of t h e  p o s i t i o n  vec to r  7 (Eq. (25))  on t h e  
e l a s t i c  a x i s  y i e l d s  1 
The v i r t u a l  r o t a t i o n  6eZB6 i s  obtained from t h e  expression f o r  
k z ~  6 given i n  Eq .  (A40) by r ep lac ing  8; b y ,  6e0, 4 '  by 6@, and 
(u' - 8 :~ ) '  by S(u '  - 8&w), and making use of t h e  f a c t  68, equals  
zero,  and i s  
S u b s t i t u t i n g  Eqs. (47-49) i n t o  Eq. (45) ,  t h e  v i r t u a l  work express ion  
reduces t o  t h e  form 
S 
6.. = / (AU6u C h 6 v  C k 6 w  -f- A@Fj4)dz3 + BA (50) 
0 
where t h e  genera l ized  aerodynamic f o r c e s  a r e  
and t h e  boundary term i s  
There remains t h e  t a s k  of express ing  F F , and M i n  
x ~ 6 '  Y ~ 6  'B 6 
terms of t h e  dependent v a r i a b l e s  u,  v, w ,  @ and t h e  geometric angle  
8,. These expressions w i l l  be  generated from two-dimensional, incom- 
" 
p r e s s i b l e ,  quasi-steady, s t r i p  theory  i n  which only t h e  v e l o c i t y  com- 
ponents perpendicular  t o  t h e  span-wise a x i s  (zB - ax i s )  of t h e  deformed 
b lade  a r e  assumed t o  i n f luence  t h e  aerodynamic fioading. Account w i l l  
be  taken of t h e  p u l s a t i n g  f ree-s t ream v e l o c i t y  V ( t )  as soc ia t ed  wi th  
a r o t a t i n g  b lade  by employing Greenberg's ex tens ion  of Theodorsen's 
unsteady theory (Ref. 15)  f o r  determining t h e  aerodynamic l i f t  and 
p i t c h i n g  moment a c t i n g  on t h e  blade.  The r e s u l t i n g  express ions  a r e  
s p e c i a l i z e d  t o  t h e  case  of quasi-s teady flow by s e t t i n g  Theodorsen's 
c i r c u l a t i o n  func t ion  t o  uni ty .  C l a s s i c a l  b lade  element momentum 
theory i s  used t o  c a l c u l a t e  t h e  s t eady  flow induced by t h e  r o t o r .  
In  t h e  present  a p p l i c a t i o n  of Greenberg's theory ,  t h e  a i r f o i l  i s  
taken t o  be pivoted i n  p i t c h  about t h e  aerodynamic c e n t e r  a t  t h e  
qua r t e r  chord and t o  be  execut ing harmonic motions i n  p i t c h  ( ~ ( t ) )  
and plunge ( k ( t ) )  while  immersed i n  a p u l s a t i n g  a i r s t r e a m  V ( t )  , a s  
shown i n  F ig .  4.  The l i f t  and moment a c t i n g  on t h e  elemental  s e c t i o n  
of t h e  b lade  may be expressed i n  terms of t h e  c i r c u l a t o r y  and non- 
c i r c u l a t o r y  components a s  
Since t h e  b lade  e l a s t i c  a x i s  i s  assumed t o  be co inc ident  w i th  t h e  aero- 
dynamic cen te r  a t  t h e  q u a r t e r  chord, t h e  i n d i v i d u a l  components of 
Eq. (53) fo l low from Ref. (15) and can be  w r i t t e n  a s  
' . 
pac (t) ~ V E  
= - -  2 
I n  t h e  course of a r r i v i n g  a t  t h e  c i r c u l a t o r y  terms i n  Eq. (54) ,  t h e  
quasi-s teady approximation has been introduced by s e t t i n g  t h e  reduced 
frequency t o  zero ,  i n  consequence of which Theodorsen's c i r c u l a t i o n  
func t ion  C(k) assumes t h e  va lue  of un i ty .  
The l i f t s  and moments given i n  Eq. (54) must now be  expressed i n  
terms of UR, UT, and Up, t h e  r a d i a l ,  t a n g e n t i a l ,  and perpendicular  
v e l o c i t y  components r e l a t i v e  t o  a  p o i n t  on the  e l a s t i c  a x i s  of t h e  
a i r f o i l ,  Fig. 5. Now, t h e  express ion  i n  parentheses  f o r  LNc i n  
Eq. (54) i s  t h e  downward a c c e l e r a t i o n  r e l a t i v e  t o  t h e  a i r  of t h e  mid- 
chord po in t  of t h e  a i r f o i l ,  and t h e  expression i n  parentheses  f o r  LC 
i s  t h e  downward v e l o c i t y  r e l a t i v e  t o  t h e  a i r  of t h e  three-quarter-  
chord p o i n t  of t he  a i r f o i l .  Since Up is t h e  r e l a t i v e  v e l o c i t y  com- 
ponent perpendicular  t o  t h e  qua r t e r  chord, t h e  s e c t i o n a l  l i f t s  can 
a l s o  be w r i t t e n  a s  
where V( t ) ,  appearing o u t s i d e  t h e  parentheses  of t h e  express ion  f o r  
LC i n  Eq .  (54),  has been approximated by t h e  r e s u l t a n t  of on ly  t h e  
t a n g e n t i a l  and perpendicular  v e l o c i t y  components and i s  given by 
A s  i nd ica t ed  i n  Fig.  6, t h e  nonc i r cu la to ry  l i f t  a c t s  normal t o  t h e  
s e c t i o n  chord l ine  and t h e  c i r c u l a t o r y  l i f t  a c t s  normal t o  t h e  r e s u l t -  
a n t  v e l o c i t y  U. The p r o f i l e  drag  f o r c e  a c t s  p a r a l l e l  t o  U and i s  
' given by 
D = -  pac a C d ~  u2 
2  
where Cdo i s  t h e  (cons tan t )  p r o f i l e  drag  c o e f f i c i e n t .  
The components of t h e  aerodynamic f o r c e  i n  t h e  d i r e c t i o n s  of t h e  
XB6, and ZB6 axes a r e  given by 
F = LNC + LC cos a  - D s i n  a 
X ~ 6  
F~~ 6  
- - L C s i n a - D c o s a  
F z ~  6 = - DR (neglected)  
where 
s i n  a = Up/U 
cos a = UT/U (591 
S u b s t i t u t i n g  E q s .  (55) ,  (57),  and (59) i n t o  E q .  (58) ,  l eads  t o  
1 F = -  pac ;-UpUT f 
X~ 6 I- 
1 2 . 'do F = - oac 1 Up -T Up& - 
YB 6  2 UTU 
The nonc i r cu la to ry  and c i r c u l a t o r y  moments i n  E q .  (54) can be  w r i t t e n  
i n  terms of UT, Up,  U ,  and E and assume t h e  form 
2 .  
%C = - 2 pac ($) (-up - U; + * 8 ;) 
M~ = - 2 pac (2f 2 ~ ;  
from which t h e  t o t a l  p i t ch ing  moment is given by 
2 
M = M  = - -  : pac (2) (u; - Cp + cc 
'B 6 
The necessary  express ions  f o r  Up, UT and a r e  developed i n  
Appendix C ,  and a r e  given by Eqs. (C14) and (C19). S u b s t i t u t i n g  
Eqs. (C14) and (C19) i n t o  Eqs. (60) and (62) and t h e  r e s u l t i n g  ex- 
p re s s ions  i n t o  Eq.  (51) ,  one ob ta ins  t h e  necessary  express ions  f o r  
genera l ized  aerodynamic f o r c e s .  
AEROELASTIC EQUATIONS 
Expressions f o r  6T, 6V, and bW have been obtained i n  t he  pre- 
v ious  s e c t i o n s .  S u b s t i t u t i n g  t h e s e  express ions  and t h e i r  a s soc i a t ed  
boundary terms i n t o  Eq .  (12),  t h e r e  r e s u l t s  an expression of t he  form 
For a r b i t r a r y  admiss ib le  v a r i a t i o n s ,  6u, bv, bw, and 6$, t h e  four  
express ions  i n  parentheses  must van i sh  i n d i v i d u a l l y  a s  must t h e  
assembly of boundary terms denoted by B. The f i r s t  condi t ion  w i l l  
y i e l d  t h e  four  governing non l inea r  p a r t i a l  d i f f e r e n t i a l  equat ions  
f o r  u, v ,  w,  and 4 ,  and t h e  second condi t ion  w i l l  g ive  t h e  assoc i -  
a t ed  boundary cond i t i ons  a t  t h e  ends of t h e  b lade .  The governing 
equat ions  of motion and boundary cond i t i ons  a r e  summarized below. 
u equat ion:  
.. 2 2 m(u - em) - 2M cos oO; - mQ cos  Box0 - m ~ 2  cos  eo(u - em) 
2 + ml s i n  €lo cos  Bo(w - e v ' )  + j m$ fi2 s i n  8, cos Bo 
1 
2 
- m e 2  v l x o  cos 0 - mei2'x0 s i n  Oo$-l' + mg s i n  + (mg e u l  s i n  €lo 
0 
(cont  'd )  
- mge + cos e O 1  + - k ( u l  - ~ ~ w a '  + - I y  i 
3 3 
v equation: 
. . 2 
mv - mQ (v + e)  - 2mQ s i n  Bo(Zr - e;') + 2mQ cos  0,(; - e i )  
2 2 2 + be; + 2meh s i n  eo  + mi2 exo s i n  e 0  - mQ ew s i n  eo 
2 2 + nbi eu s i n  e 0  cos B o  - men  (u' - 8Aw)xo cos 0 A  + b g e  cos 8, 
+ mge(ul - 0bw) s i n  eo] - [TV' + E I y  8;v1(u" - 8gw - 0 ; ~ ' )  ' 
3 3 
I 
+ GJ (4  - e ; ~ '  ) (u" - W '  e:, - e ; ~  - e;) - GJe:,vl (uH - w1 e:, - e;wd 
w equat ion:  
.. I& + me+(ul - BAw) + 2me$(fi1 - Oh;) - me;' + me$(;;' - @A;) 
2 2 + 2mQ s i n  B,(; - e$& - ev';') - mQ s i n  eo [-xo s i n  8 + w 
0 
+ e + ( u l  - Bhw) - ev) + m2 s i n  8, cos B o  ko cos eo + u - e v ' ( u l  
2 2 + en xo cos eo + en u cos2 8, - en2w s i n  O o  cos  eJ 
2 -  2 2 2  ( - 0;) + 2 R b  ( s i n  8, + n s i n  6; b l ( u l  - ebw) 1 
2 2 1 . . 2 + n s i n  8, cos  e + m(8: [-ew - 2nGe s i n  8, - exo s i n  6, 0 - 
2 - + n2 s i n 2  go  ew - 0 s i n  8, cos 0 e u ,  + Tw8A2 - T0;uv 
0 - 
I 
- EI O1'(u" - Bgw - 0 ; ~ ' )  + EI E B ~ B ~  - / T - EI B&(u" - B ~ w  
Y 3 Y 3  O Y 3 Y 3  L Y 3 Y 3  
- B&wl) + mg cos  0, + mge s i n  B0v1B~ - mgeehlp cos  Bo = 
1 l  - 
@ equat ion:  
2" 2 2 2 mk I$ - m<u + 2me; cos  g o  + meQ xo cos  B o  + meR u cos 
€lo m 
2 /  
- mez2w s i n  e0 cos o o  - m ,G2 - GI,) n2( cos2 go + d \km2 
2 
- ) s i n  8, cos 8, + m (k i2  - k.&)R2+ + men xo s i n  B0(ut - 0;w) 
2 .. 
t 2mk,&n s i n  e0(h t  - 0;) + men (v - 2meQI$h c o s  8, - me(v 
+ 2meSriJ@ s i n  + mew(uV - 0bw) + 2meRv(uV - 0Aw) s i n  O o  
2 2 + m e n  u ( u t  - ehw) s i n  0, cos 0, - meR2w(uv - ehw) s i n  0, 
(cont ' d )  
- 2B3E0;(uH - 0zw - 8 ; ~ ' ) ~  - ~ 0 ; ~  (-B3 [ ( u '  - OAwl - 0-w + +v" 
- I 
+ v '  (u" - w'8; - 0:w - 8;) - mge s i n  e0 
+ mge(u' - eAw) c o s  8  = A 4 (64) 
where 
1 1 ,2 
c = w1 + e ; ~  + 7 ( u '  - e;W12 + 5 V 
I t  shou ld  b e  no ted  t h a t  when Eq. (65) is s u b s t i t u t e d  i n t o  Eq. (64) 
some t h i r d - d e g r e e  terms i n  u, v ,  w, and + and t h e i r  d e r i v a t i v e s  
r e s u l t .  S i n c e  o n l y  second-degree e q u a t i o n s  a r e  of i n t e r e s t  h e r e i n ,  
t h e  t h i r d - d e g r e e  terms should be  d i s c a r d e d .  S i m i l a r l y ,  when Eqs. (C14) 
and (C19) a r e  s u b s t i t u t e d  i n t o  Eqs. (60) and (62) and t h e  r e s u l t i n g  
e q u a t i o n s  i n t o  Eq. (51) some terms h i g h e r  t h a n  second-degree i n  u ,  
v ,  w, and 4 and t h e i r  d e r i v a t i v e s  r e s u l t .  These terms shou ld  a l s o  
b e  d i s c a r d e d  i n  t h e  f i n a l  e x p r e s s i o n s  f o r  A,, A,, A, and A+.  
The assembled c o l l e c t i o n  of boundary t e r m s  denoted by B i s  
g iven  by 
and t h e  requirement of t h e  vanish ing  of t h e  i n d i v i d u a l  v a r i a t i o n a l  
components l eads  t o  t h e  r e l a t i o n s  
S 
s - s:) - Is2 - (mgev' s i n  O 0  - mgeb con 8.) - Y z g 6 v j 6 u /  = 0 
0 
( s 4  - s3)  - k4 - - 8'w) s i n  + mge cos  0 
METHODS OF SOLUTION 
The governing equat ions  of motion a r e  coupled, non l inea r ,  p a r t i a l  
d i f f e r e n t i a l  equat ions  wi th  pe r iod ic  c o e f f i c i e n t s  i n  t h e  dependent 
v a r i a b l e s  u, v ,  w ,  and 0. These equat ions  have no closed-form solu-  
t i o n  and must be solved using approximate methods. Usual p r a c t i c e  i n  
so lv ing  t h e s e  equat ions  i s  t o ,  f i r s t ,  e l imina te  t h e  s p a t i a l  dependence 
This  r e s u l t s  i n  a s e t  of coupled nonl inear  ord inary  d i f f e r e n t i a l  equa- 
t i o n s  wi th  pe r iod ic  c o e f f i c i e n t s .  Various techniques can then be  
employed t o  s o l v e  t h e s e  equat ions  t o  determine e i t h e r  a e r o e l a s t i c  
s t a b i l i t y  o r  response.  Some of t h e s e  techniques a r e  b r i e f l y  summari- 
zed below. The r eade r  i n t e r e s t e d  i n  d e t a i l e d  cons ide ra t ions  should 
r e f e r  t o  t h e  r e f e rences  c i t e d .  
The s p a t i a l  dependence i s  usua l ly  e l imina ted  by employing a 
modal approach wi th  e i t h e r  assumed o r  ca l cu la t ed  mode shapes (Ref. 14) .  
An a l t e r n a t i v e  procedure f o r  e l imina t ing  t h e  s p a t i a l  dependence i s  by 
use of an i n t e g r a t i n g  mat r ix  approach (Refs. 16-18). 
The nonl inear  ord inary  d i f f e r e n t i a l  equat ions  wi th  pe r iod ic  coef- 
f i c i e n t s  a l s o  have no closed-form s o l u t i o n  and must be solved by 
approximate methods. A common p r a c t i c e  has  been t o  numerical ly  i n t e -  
g r a t e  t hese  equat ions  i n  t ime t o  determine t ime h i s t o r i e s  of u,  v ,  w, 
and $ from which a e r o e l a s t i c  s t a b i l i t y  and response of t h e  system 
can be determined. The assessment of s t a b i l i t y  can be  f a c i l i t a t e d  i f  
f a s t  Four ie r  t ransforms a r e  performed on t h e  t ime h i s t o r i e s  (Ref. 19) .  
Blade moments and shea r s  can a l s o  b e  ca l cu la t ed  us ing  t h e  time h i s -  
t o r i e s .  Another method f o r  so lv ing  t h e  non l inea r  o rd ina ry  d i f f e r e n t i a l  
equat ions  has been t h e  c l a s s i c a l  p e r t u r b a t i o n  method f o r  determining 
s t a b i l i t y  whereby t h e  non l inea r  equat ions  a r e  per turbed  about  a  s teady-  
s t a t e  equ i l i b r ium pos i t i on .  This  l e a d s  t o  two s e t s  of equat ions :  a  
s e t  of non l inea r  a l g e b r a i c  equat ions  f o r  t h e  s t eady- s t a t e  q u a n t i t i e s  
and a  s e t  of non l inea r  o rd ina ry  d i f f e r e n t i a l  equa t ions  wi th  p e r i o d i c  
c o e f f i c i e n t s  i n  t h e  pe r tu rba t ion  q u a n t i t i e s .  The non l inea r  a l g e b r a i c  
equat ions  a r e  solved by s tandard  i t e r a t i v e  techniques.  Usual p r a c t i c e  
i s  t o  l i n e a r i z e  t h e  pe r tu rba t ion  equat ions  by d i sca rd ing  a l l  t h e  per- 
t u r b a t i o n  terms of second-degree o r  h igher  i n  t h e  pe r tu rba t ion  v a r i -  
ab l e s .  These l i n e a r i z e d  equat ions  a r e  then solved us ing  Floquet- 
Liapunov theory  (Refs. 20-22) from which a e r o e l a s t i c  s t a b i l i t y  and 
response can be determined. Another method sometimes employed f o r  
so lv ing  t h e  l i n e a r  p e r t u r b a t i o n  equat ions  i s  an approximate s o l u t i o n  
based on time-averaged c o e f f i c i e n t s  i n  conjunct ion wi th  a  so-cal led 
mult i -blade coord ina t e  t ransformat ion  (Ref. 22). I n  t h i s  approach, 
t he  l i n e a r  pe r tu rba t ion  equat ions  a r e  f i r s t  transformed i n t o  a  non- 
r o t a t i n g  coord ina te  system by means of a  mult i -blade coord ina te  t rans-  
formation where some of t h e  p e r i o d i c i t y  i n  t h e  c o e f f i c i e n t s  i s  t r ans -  
formed i n t o  cons tan t  terms. A cons t an t  c o e f f i c i e n t  approximation i s  
then made by t ime averaging t h e  remaining pe r iod ic  c o e f f i c i e n t s  i n  
the  d i f f e r e n t i a l  equat ions.  Standard e igenso lu t ion  techniques can 
then be used t o  determine a e r o e l a s t i c  s t a b i l i t y  and response. 
CONCLUDING REMARKS 
The second-degree non l inea r  a e r o e l a s t i c  equat ions  of motion f o r  
a  s l ende r ,  f l e x i b l e ,  curved, and nonuniform Darr ieus  v e r t i c a l - a x i s  
wind-turbine blade undergoing combined f l a t w i s e  bending, edgewise 
bending, t o r s i o n ,  and ex tens ion  have been der ived  us ing  the  extended 
Hamil ton 's  p r i n c i p l e .  The b lade  aerodynamic loading is  obtained from 
s t r i p  theory based on a  quasi-s teady approximation of two-dimensional, 
incompressible, unsteady a i r f o i l  theory.  The d e r i v a t i o n  of t h e  equa- 
t i o n s  has  i t s  b a s i s  i n  t h e  geometric non l inea r  theory  of e l a s t i c i t y  
and t h e  r e s u l t i n g  equat ions  a r e  c o n s i s t e n t  w i th  t h e  small  deformation 
approximation i n  which t h e  e longat ions  and shea r s  (and hence s t r a i n s )  
a r e  n e g l i g i b l e  compared t o  uni ty .  A mathematical o rde r ing  scheme 
which i s  c o n s i s t e n t  wi th  t h e  assumption of a  s l ende r  beam was adopted 
f o r  t h e  purpose of sys t ema t i ca l ly  d i sca rd ing  higher-order terms i n  t h e  
e l a s t i c  and dynamic f o r c e s  i n  t h e  f i n a l  equat ions  of motion. The 
express ions  f o r  t h e  genera l ized  aerodynamic f o r c e s  were l e f t  i n  gen- 
e r a l  second-degree form from which one can o b t a i n  t h e  aerodynamic 
loading t o  the  order  app ropr i a t e  t o  any case  of i n t e r e s t .  The f i n a l  
equat ions ,  which have pe r iod ic  c o e f f i c i e n t s ,  a r e  s u i t a b l e  f o r  s tudying 
v i b r a t i o n s ,  both l i n e a r  and non l inea r  a e r o e l a s t i c  s t a b i l i t y  and 
response.  As these  equat ions do n o t  have closed form s o l u t i o n s ,  
s eve ra l  approximate methods of s o l u t i o n  have been d iscussed .  
APPENDIX A 
DERIVATION OF EXPRESSIONS FOR COORDINATE 
TRANSFORMATION MATRIX AND CURVATURES 
The development of t h e  second-degree non l inea r  a e r o e l a s t i c  equa- 
t i o n s  of a r o t a t i n g  curved b l ade  r e q u i r e s  second-degree non l inea r  
express ions  f o r  t h e  r o t a t i o n a l  t ransformat ion  ma t r ix  between t h e  B3- 
and B6-systems (Fig. 3) and f o r  t h e  components of curva ture .  Since 
these  express ions  a r e  independent of r o t a t i o n a l  speed, R ,  only a non- 
r o t a t i n g  b lade  is  considered.  
The e l a s t i c  deformations t r a n s l a t e  and r o t a t e  t h e  B3-system t o  
t h e  B6-system. Let t h e  r o t a t i o n a l  t ransformat ion  ma t r ix  between t h e s e  
two systems be LT] such t h a t  
Let t h e  expression f o r  t he  cu rva tu re  v e c t o r  of t h e  deformed e l a s t i c  
a x i s  be 
The next  s t e p  i s  t o  f i n d  t h e  express ions  f o r  t h e  components of 
t h e  cu rva tu re  vec to r  i n  terms of t h e  d i r e c t i o n  cos ines  R 1 ,  m l ,  
n19 . . . n3, and the  components of i n i t i a l  curva ture .  From Eq. ( ~ l )  , 
one can w r i t e  
D i f f e r e n t i a t i n g  Eq.  (A3) wi th  r e spec t  t o  s l e a d s  t o  
where 
Invoking t h e  smal l  s t r a i n  assumption, one can w r i t e  
The i d e n t i t y  
leads  t o  
S u b s t i t u t i n g  Eq. (Al) i n t o  Eq.  (A4), one can a l s o  w r i t e  -' 
e z ~ 6  
i n  t h e  
form 
From Eqs. (A8) and (A9), t he  express ions  f o r  kxB6 
and k ~ B  6 a r e  
The i d e n t i t i e s  
and t h e  s u b s t i t u t i o n  of Eq. (Al) i n t o  Eq. (A12) lead  t o  
Expanding Eq. (A13), us ing  Eq. (a), and making use  of t h e  f a c t  t h a t  
each element of t h e  or thogonal  ma t r ix  [T] i s  equal  t o  i t s  c o f a c t o r ,  
Eq. (A13) s i m p l i f i e s  t o  
Thus f a r ,  t h e  express ions  f o r  t h e  components of curva ture  have been 
developed i n  terms of t h e  d i r e c t i o n  cos ines  and t h e  components of t h e  
i n i t i a l  cu rva tu re  of t h e  undeformed e l a s t i c  a x i s .  The next  t a s k  i s  
t o  express  t h e  d i r e c t i o n  cos ines  i n  terms of u ,  v ,  w ,  and To 
t h i s  end, t h e  d i r e c t i o n  cos ines  a r e  f i r s t  expressed i n  terms of t h e  
Euler ian-type angles ,  B ,  5,  and 8 which a r e  def ined  a s  fo l lows:  
1. A p o s i t i v e  r o t a t i o n  B about t h e  YB3-axis r e s u l t i n g  i n  
X ~ 4 Y ~ 4 z ~ 4 *  
2. A p o s i t i v e  r o t a t i o n  5 about t h e  nega t ive  XB4-axis r e s u l t -  
ing i n  XB5YB5ZB5. 
3. A p o s i t i v e  r o t a t i o n  8 about t h e  ZB5-axis r e s u l t i n g  i n  
X ~ 6 y ~ 6 z ~ 6 -  
The e x p l i c i t  form of t h e  t ransformat ion  ma t r ix  CTJ i n  terms of t h e  
Euler ian-type ang le s  i s  
The q u a n t i t i e s  B,  5 ,  and 8 a r e  t o  b e  expressed i n  terms of 
t h e  v a r i a b l e s  u ,  v ,  w, +, and t h e  components-of t h e  L n i t i a l  curva-- 
t u r e  of t h e  e l a s t i c  a x i s .  To t h i s  end, l e t  R and Rl be  t h e  
p o s i t i o n  v e c t o r s  of t h e  p o i n t s  P and P '  i n  Fig. 3, and AR be 
t h e  displacement of P .  Then, 
I-cos 8 cos B 
- s in  0 s i n  5 s i n  B 
- s in  8 cos  B 
-cos 0 s i n  5 s i n  B 
cos 5 s i n  B 
D i f f e r e n t i a t i n g  t h e  express ion  f o r  A R  i n  Eq. (A16) w i th  r e spec t  t o  
s l e a d s  t o  
where 
s i n  8 cos 5 
cos 8 cos  < 
s i n  5 
a z  = w ' - kyg3u + kXB3v (A18) 
D i f f e r e n t i a t i n g  Eq .  (A16) wi th  r e s p e c t  t o  s and subs t i t u t ing -  
Eq .  (A17) i n t o  the  r e s u l t i n g  express ion ,  t h e  express ion  f o r  a R l / a s  
i s  
-cos 8 s i n  B 
- s in  8 s i n  5 cos  B 
s i n  8 s i n  B 
-cos 0 s i n  5 cos B 
cos 5 cos B I 
Now, from ca l cu lus  
S u b s t i t u t i o n  of Eq. (A20) i n t o  Eq. (A19) g ives  
The r e l a t i o n  between t h e  ex t ens iona l  component of t h e  Green's 
s t r a i n  t enso r  on t h e  e l a s t i c  a x i s  and aRl/as is  given by 
S u b s t i t u t i n g  Eq. (A21) i n t o  Eq. (A22), t h e  express ion  f o r  E reduces 
t o  
The r e l a t i o n  between d s  and dsl can b e  w r i t t e n  a s  
D i f f e r e n t i a t i n g  Eq. (A16) w i t h  r e s p e c t  t o  s l ,  and s u b s t i t u t i n g  
Eq. (A24) i n t o  t h e  r e s u l t a n t  express ion ,  one can w r i t e  
Invoking t h e  assumption t h a t  t h e  e longat ions  and shea r s  (and hence 
s t r a i n s )  a r e  n e g l i g i b l e  compared t o  u n i t y  l eads  t o  
From Eqs. (Al) , (A15), and (A26), one can w r i t e  
R 3  = cos 5 s i n  B = ax 
m3 = s i n  5 = a Y 
n3 = cos 5 cos = 1'+ a ,  
The o r thogona l i t y  condi t ion  between R3 ,  m3, and n3 
i s  s a t i s f i e d  be fo re  invoking t h e  small s t r a i n  assumption. Th i s  con- 
d i t i o n  must a l s o  be s a t i s f i e d  under t h e  smal l  s t r a i n  assumption. 
However, Eq. (A26) which assumes s m a l l  s t r a i n s  l eads  t o  an i n t e r e s t i n g  
r e s u l t .  From Eqs. (A23) and (A27), one can w r i t e  f o r  smal l  s t r a i n s  
An a l t e r n a t i v e  express ion  f o r  n3  i n  terms of ax and a  fol lows 
from Eqs. (A27) and (A28) and i s  Y 
Thus, Eqs. (A29) and (A30) show t h a t  t h e r e  a r e  two s l i g h t l y  d i f f e r e n t  
express ions  f o r  n3. These two express ions  must be  equal .  Therefore,  
one should impose an a d d i t i o n a l  assumption t h a t  t h e  quan t i t y  a: is  
n e g l i g i b l e  compared t o  a$ and a2 andlor  u n i t y  when t h e  s m a l l  s t r a i n  Y 
assumption i s  invoked. This  assumption i s  made i n  t h e  p re sen t  develop- 
ment. Accordingly, 
From Eqs. (A27) and (A31), t h e  express ions  f o r  t h e  t r igonometr ic  func- 
t i o n s  involv ing  B and 5 a r e  
a x  
2  
ax  
s i n  B = 2  " a X  C O S B - 1 - -  1 - ay/2 2  
s i n  r = a  Y 
2  
y 
C O S  < "  1 2 (A32 
The r e t e n t i o n  of t h e  terms 4 1 2  and a$/2 i n  E q s .  (A31) and (A32) 
i s  c o n s i s t e n t  with t h e  f a c t  t h a t  some of t he  r o t a t i o n s  must be  regarded 
a s  s u b s t a n t i a l l y  exceeding t h e  s t r a i n  components f o r  a  s l ende r  r o t a t i n g  
beam. This  impl ies  t h a t  t h e  r i g h t  hand s i d e  of Eq. (A23) r ep re sen t s  a  
small  d i f f e r e n c e  of l a r g e  terms. This  is discussed i n  Ref.  13 ,  
page 203. The imp l i ca t ions  of d i sca rd ing  these  terms while  de r iv ing  
t h e  non l inea r  a e r o e l a s t i c  equat ions  of a  h e l i c o p t e r  r o t o r  b l ade  were 
discussed  i n  Ref. 11. The t h i r d  Euler ian  ang le  8 is  a s soc i a t ed  w i t h  
t o r s i o n  of . t he  b lade  and, hence, is given by 
The express ions  f o r  t h e  t ransformat ion  ma t r ix  [T] and f o r  t h e  
components of cu rva tu re  a r e  given i n  terms of t h e  d i r e c t i o n  cos ines  
i n  Eqs. (AlO), ( A l l ) ,  and (A14), and those  f o r  d i r e c t i o n  cos ines  i n  
terms of t h e  Euler ian  angles  a r e  given i n  Eqs. (Al) and (A15). The 
Euler ian  ang le s  a r e  expressed i n  terms of t he  q u a n t i t i e s  ax,  ay ,  a Z ,  
and @ i n  Eqs. (A32) and (A33), and t h e  express ions  f o r  ax, ay ,  and 
a, a r e  given i n  terms of u ,  v ,  w,  kxB3, kyg3, and kzB3 i n  Eq.  (A18) . 
Combining Eqs. (Al) , (A15) , (A32), and (A33), t h e  second-degree expres- 
s i o n  f o r  t h e  t ransformat ion  ma t r ix  i s  
Combining Eqs. (A5), (A10) , ( A l l ) ,  (A14), and (A34), t h e  second-degree 
express ions  f o r  t h e  components of cu rva tu re  a r e  
(a2 + a') 
- t . k  - k  - - - -X- - -+@l+aa r  
= k  a ~ + k y B 3 a ~  z ~ j  kzB6 XB3 2 Y X  (-437 
For t h e  c a s e  of z e ro  s e c t i o n  p i t c h  a n g l e ,  Eq.  (9)  l e a d s  t o  
and Eqs. (A34) and (A35)-(A37) s i m p l i f y  t o  
I 
! 2 12 [TJ = I - cp - (u' - e;w)vl 1 - v  
I 2 2 $(u'  - 0Aw) - v s  I I  
APPENDIX B 
DERIVATION OF STRAIN-DISPLACEMENT RELATIONS 
Th i s  Appendix w i l l  develop t h e  second-degree nonl inear  expres- 
- 
s i o n s  f o r  t h e  s t r a i n s .  To t h i s  end, l e t  To and r l  be t h e  p o s i t i o n  
v e c t o r s  be fo re  and a f t e r  deformation of an a r b i t r a r y  mass po in t  i n  t h e  
c r o s s  s e c t i o n  of t h e  blade.  These v e c t o r s  can be w r i t t e n  a s  
where t h e  e f f e c t  of warping of t h e  blade i s  neglec ted .  
- 
The d i f f e r e n t i a l  of t h e  v e c t o r ,  ro,  is given by 
The d e r i v a t i v e s  of t h e  u n i t  v e c t o r s  can b e  w r i t t e n  a s  
S u b s t i t u t i n g  Eq. (8) i n t o  Eqs. (B4) and (B5), and t h e  r e s u l t i n g  equa- 
t i o n s  i n t o  E q .  ( B 3 ) ,  y i e l d  
The same procedure l eads  t o  t h e  fo l lowing  expression f o r  dTl 
The Lagrangian s t r a i n  t e n s o r  ] i s  d e f i n e d  a s  f o l l o w s :  ij 
- - - - 1"" 1 (B8) d r l  d r l  - d r o  d r o  = 2 Ldx3 dyg dz3! kij] dy3 
i d z 3  
Combining Eqs. (A24), (A34), (B6), (B7) and ( ~ 8 )  and c o l l e c t i n g  terms,  
t h e  e x p r e s s i o n s  f o r  t h e  t h r e e  s t r a i n  components o f  i n t e r e s t  become 
S u b s t i t u t i n g  Eqs. (A23), (A35), (A36), and (A37) i n t o  Eqs .  (B9), (BlO), 
and ( B l l ) ,  t h e  second-degree e x p r e s s i o n s  f o r  t h e  s t r a i n  components 
r e d u c e  t o  
It should be pointed out  t h a t  i n  a r r i v i n g  a t  t h e  expressions given i n  
Eqs. (B12) t o  (B14) s e v e r a l  terms have been discarded based e i t h e r  on 
cons ide ra t ions  r e l a t e d  t o  t h e  small s t r a i n  assumption o r  on consider-  
a t i o n s  r e l a t e d  t o  t h e  approximations which can be made because of t h e  
assumed s lenderness  of t h e  blade.  
For t h e  c a s e  of ze ro  s e c t i o n  p i t c h  ang le ,  t h e  express ions  f o r  
t h e  i n i t i a l  c u r v a t u r e  components are given by Eq. (A38). Subs t i -  
t u t i n g  Eqs. (A18) and (A38) i n t o  Eqs. (B12)-(B14), t h e  express ions  
f o r  t h e  s t r a i n s  a r e  
+ y3;-  v'' + b(ul' - e g w  - e;wl) - be;] - x ~ ~ ~ ~ ; v ~ ~  
- 
, 2 ]  (x:+y:)  
- 20Ab(u" - 8;w - 0 ; ~ ' )  + O0 4 + 2 (b '  - 2e;b'vP) 
.- 
APPENDIX C 
DERIVATION OF THE VELOCITY COMPONENTS OF A BLADE ELEMENT 
The r e s u l t a n t  v e l o c i t i e s  of a po in t  on t h e  e l a s t i c  a x i s  of t h e  
b lade  i n  t h e  deformed and t h e  undeformed coord ina te  systems a r e  r e l a t e d  
according t o  
where, from Fig. 5, 
and [TI is  given i n  Appendix A. The t o t a l  r e l a t i v e  v e l o c i t y  (aero- 
dynamic + dynamic) of a po in t  on t h e  e l a s t i c  a x i s  i s  given by 
Xeglect ing wind shear  and g u s t s  i n  t he  wind, t h e  aerodynamic v e l o c i t y ,  
- 
V, c o n s i s t s  of two p a r t s :  (1) t h e  free-stream v e l o c i t y  V,; and 
( 2 )  t h e  induced v e l o c i t y  v i .  A s  shown i n  Fig. 1, both  V, and -v i  
a r e  p a r a l l e l  t o  t he  XI-axis. Thus, 
Defining two nondimensional parameters  
and 
Eq. (C4) reduces t o  
- 
S u b s t i t u t i n g  f o r  
e ' ~  
i n  t h e  above equat ion from Eqs. (2),  (5), and 
( 5 ) ,  Eq. (C7) reduces t o  
(va 1 = (p - vi)QR (COS Bo cos $ cos y - s i n  y s i n  +); 
X Y Z  
B3 B 3  B3 'B 3 
- (COS Bo cos $ s i n  y + s i n  $ cos y)ey  - s i n  8, cos  BeZ 
B 3 
- J (ca)  
B3 
For zero  s e c t i o n  p i t c h  angle ,  Eq. (C8) s i m p l i f i e s  t o  
I - 
(ValX = (U - ui)RR/cos 8 cos  +: - s i n  $ ey 
B3 B3 B3 
0 
i- 'B 3 B3 
For zero s e c t i o n  p i t c h  angle ,  t h e  p o s i t i o n  v e c t o r  of a po in t  on 
t h e  quarter-chord poin t  from Eq. (25) i s  
- s i n  8, cos $e  
' ~ 3  -- 
= (x, cos e0 + zO s i n  B o  + u)Z 
+ v % ~ ~  r1x3=Y3=~ 'B 3 
(C9) 
+ (- X, s i n  e0 + zo c o s  O 0  + w)Z 
'B 3 
The angular  v e l o c i t y  of t h e  B3-system from Eq. (29) is  
- - - 
w = R s i n  8,e + R cos  8 e 
%3 O ' ~ 3  
The dynamic v e l o c i t y  of a po in t  on t h e  quarter-chord p o i n t ,  from Eqs. 
(C10) and ( C l l ) ,  i s  
dY1 
d t  -= (; - vR cos 8,)s + (4 + (x, s i n  O 0  - zO cos O 0  - w)n s i n  8, 
'B 3 
+ (a, cos a, + z0 s i n  8, + u)n cos  8619, + (& + vn s i n  eo)ez 
B 3 B 3 
S u b s t i t u t i n g  Eqs. (C9) and (C12) i n t o  Eq. (C3) y i e l d s  
- 
+ I-- (p - pi)RR s i n  J, - ; - (xo cos  eo + zos in  e0 
+ u)R cos 9, - (xo s i n  €I0 - zo cos 8  - w)n s i n  0  
0 
- i ( u  - pi) s i n  eo cos  $ + (; + VQ) s i n  e J- 
ezB3 
(C13) 
S u b s t i t u t i n g  Eqs. (A39) and (C13) i n t o  Eq .  (Cl) and us ing  Eq. (C2), 
t h e  second-degree express ions  f o r  Up and UT i n  terms of u, v ,  
w, and $ and t h e i r  time d e r i v a t i v e s ,  a r e  
= - (, - pi,,, co. g o  cos  , [l - 5 - 2  (u'  - 
+ (; - vR cos 0,) + $(p - vi) R R  s i n  $ + ;( + xoQ$ - w$R s i n  O 0  
+ $ua cos 9, - [(u' - BAW) + $v '1 (p - p i ) n ~  s i n  9, cos  B 
uT = + v f  (u '  - e~w)]  (y - Y ~ ) R R  cos eo cos - $(A - vn c o s  go) 
- wQ s i n  9, + un cos 0 + (p - pi)RR s i n  0, cos $ I- v '  
0 
+ + ( u l  - ehw)] - v f ( k  + YR) s i n  go (C14) 
The q u a n t i t y  E appearing i n  Eqs. (60) and (62) i s  t h e  angular  
v e l o c i t y  of t h e  b lade  s e c t i o n  about  t h e  l o c a l  nega t ive  ZB6-axis and, 
c o n s i s t e n t  w i t h  t h e  present  n o t a t i o n ,  can be w r i t t e n  a s  -i . The 
Z ~ 6  
express ion  f o r  E Z ~ 6  can be  regarded a s  composed of two p a r t s :  t h e  
f i r s t  p a r t  a r i s i n g  from t h e  angular  v e l o c i t y  of t h e  s h a f t  i n  space; 
t h e  second p a r t  a r i s i n g  from t h e  angular  v e l o c i t y  a s soc i a t ed  wi th  t h e  
e l a s t i c  deformations. The f i r s t  p a r t  is due t o  !2 and can be  obtained 
f o r  ze ro  s e c t i o n  p i t c h  angle  from t h e  r e l a t i o n  
S u b s t i t u t i n g  Eq.  (A39) i n t o  Eq. (C15), t h e  f i r s t  p a r t  of 
Z~ 6  is  
(u '  - e ; ~ )  2 i; ) =(u' - e;w)n s i n  eo  + i - '86 , 2 
The second p a r t  i s  due t o  e l a s t i c  deformation and is  obtained by re- 
a plac ing  $ '  by $, (u '  - Bhw) ' by -- (u '  
t - oAw), and 0; by io ( i n  t h e  f i r s t  term only)  i n  t h e  expressgon f o r  kzB6 given i n  E q .  ( A 4 0 ) .  
Since io i s  zero,  t h e  second p a r t  s i m p l i f i e s  t o  
Combining Eqs. (C16) and (C17), t h e  t o t a l  s e c t i o n a l  p i t ch ing  v e l o c i t y  
of t h e  a i r f o i l  i s  
2 (u '  - e ; ~ )  L (= - = - ('I.? - i b u ) i  s i n  a, + 27 ZB 6 2 - -1R cos 8, 2 -1 
+ (O + .vl (;' - e ; ~ )  (C191 
Thus f a r ,  t h e  express ions  f o r  Up, UT and E have been developed 
i n  terms of t h e  q u a n t i t i e s  u ,  v ,  w, 4 ,  and t h e i r  d e r i v a t i v e s ,  t h e  f r e e -  
s t ream v e l o c i t y  V,, t h e  r o t a t i o n a l  speed R ,  t h e  geometric p r o p e r t i e s  
of t h e  b l ade ,  and t h e  induced v e l o c i t y  v i .  Now, an  e x p l i c i t  expression 
f o r  t h e  induced v e l o c i t y  w i l l  be  developed. 
The induced v e l o c i t y  vi is  determined from momentum theory  i n  
which t h e  induced v e l o c i t y  a t  t h e  r o t o r  is  one h a l f  i t s  va lue  i n  t h e  
wake. With t h i s  assumption, t he  t h r u s t  of t h e  VAWT is  
where Ap i s  t h e  pro jec ted  a r e a  of t h e  r o t o r  i n  t h e  v e r t i c a l  plane.  
Another expression f o r  t h e  t h r u s t  w i l l  be developed i n  terms of t he  
elemental  fo rces  a c t i n g  on a b lade  s e c t i o n .  
Using Eqs. (2 ) ,  (5), (47), and (60) ,  t h e  elemental  f o r c e  a c t i n g  
on a b lade  s e c t i o n  i n  t h e  XI d i r e c t i o n s  i s  
- F +\ cos I0 cos  0, 
= ( F x B 6  Y ~ 6 /  - (PxBfjm + F ~ B 6  s i n  $ X~ 
+ p x B 6  
(u '  - B ~ W )  + F ~ ~ ~ ~ J  s i n  8, cos 10 (C21) 
The express ion  f o r  t h e  average t h r u s t  can be w r i t t e n  a s  
Equating Eqs. (C20) and (C22), one ob ta ins  an i n t e g r a l  equat ion f o r  
vi which can be solved by an i t e r a t i v e  procedure f o r  a given V,. 
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Figure L - Vertical-axis wind turbineand coordinate sistems. 
Figure 2 - Coordinate Systems d blade cross section. 
Figure 3. - Elastic axis of blade before and after defolrmation 
and coordinate systems. 
Figure 4 - Cross section of blade in general unsteady mation. 
Figure 5. - Relative welocity ceomponents at blade cross section. 
Figure 6. - Blade section i n f l m  geometry and aerodynamic force components. 
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